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Percolation of unsatisfiability in finite dimensions
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The optimization of two-dimensional Boolean formulas is studied using percolation theory, rare region
arguments, and boundary effects. In contrast with mean-field results, there is no satisfiability transition as the
constraint density is varied, although there is a logical connectivity transition. In the disconnected phase, there
is a transition in the solution time. The thermodynamic ground state for this NP-hard optimization problem is
unique; local solutions can be adjoined to find the global ground state. These results have implications for the
computational study of disordered materials.
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Complex problems with many degrees of freedom are ohomial time. Our results support this possibility. NP-hard
interest to both physicists and theoretical computer scientistproblems with algorithms that typically take polynomial time
The overlap is especially strong between the physics of dissn some problem sets are know&], but have not been
ordered materials and optimization problems in the typicakxtensively and directly studied for physical problems in fi-
case. For example, there is a close correspondence betwegife dimensions.
the ground states of Ising spin glasses, with up and down \we consider finite-dimensional Boolean formulasf the
spins, and optimal assignments of Boolean variables, whickyrm
can be true or false, in a random logical formula. This cor-
respondence is more than formal as both systems exhibit Z=0" (K yH (1)
phase transitions in the structure of minimal configurations (==
and in the dynamics of the physical systems or optimizatiorwhere [I is the logicalor operation,U is the logical AND
algorithms[1]. Combinatorial optimization algorithms from operation, and{y'} are literals chosen from a setY
computer science are often employed to simulate disordereel{x,, ... xy, Xy, ... Xy} Of N Booleanvariablesand their ne-
condensed matter systerf@]. Approaches from statistical gations. The variables are identified with the vertices of a
physics, including techniques such as replica theory and cofigyo-dimensional lattice. The clauses are the tefigy’; we
cepts such as the thermodynamic limit and scaling, havgpecialize tok=1,2. A 2-clause contains two neighboring
proven useful in studying the running time of algorithms and, 5iaples, each negated with probability 1/2. The 1-clauses
the structure of solution space. are single literals, with probability 1/2 of negation. No two

Motivated by work on mean-field Boolean formulés) lauses contain the same set of variables. A sample formula

and progress in understanding models of finite-dimensiona} depicted in Fig. (a). The ensemble is defined by param-
disordered materials, we investigate ensembles of BOOIeanterspa and y rgéspe.ctively the ratios of the nuyrn%er of

formulas whose graphs are two dimensional. These formul clauses tN and 1-clauses tbl. Given a truth assianment

are composed by conjunctively joining logical clauses, with 4 N oL LIV uth-assignment

each clause formed using nearest neighbor variables. T ;—1{T,F} for all Boolean variables, a clause is satisfied if
one of the literals in the clause B If all clauses are satis-

optimization problem is to assign truth values to the vari-_ . - . .
ables so as to satisfy the maximum number of clauses. Thiéed’ the formulaZ is satisfied. Determining the existence of

problem is analogous to minimizing the number of broken® satisfying truth assignment is the problem of satisfiability
bonds in an Ising spin glagd] and is NP hard5], so that (SAD).

worst-case realizations are believed to require a time expo-

nential in the problem size to solve. We first decompose the® | 9> b) o :
Boolean formulas into components that contain logical con-

tradictions. These contradictory strongly connected compo- 3 A
nents (CSC9 need not percolate even though the clauses L\/
themselves do percolate. Balancing the distribution of these A7
clusters with the time to find their “ground state” leads to an 6

exponential divergen_ce in the rl_Jnning time at some density FIG. 1. (a) A finite-dimensional Boolean formula. Each 2-clause
of clauses for a particular algorithm. We also find an exposs represented by two segments on an edge. Circles represent
nentially rapid convergence to a unique ground state as the cjauses. Black segments or circles indicate negated variables,
size of the problem increases. This suggests that the problefhiie the lighter shaded segments or circles represent variables
is easy in the typical case, though it is classified as difficulthat are not negated. The formula depicted s
in the worst case sense. It may well be that many NP-hargk, fix,) 0(x, 0x,) O(x, 0%;) (%) O(x). (b) An unsatisfiable sub-
problems derived from physical systems, such as finding thgraph (left) and its digraph(right). The subgraph’s formula is
ground state configuration for the two-dimensio¢®iD) spin  (x,0x;) O(xg 0%z) O(X; Oxp) O(x, Oxg) O(X, 0x,) O(X3 0Xy4). A contra-
glass in a magnetic fielfb], are typically solvable in poly- dictory cycle(CC) is Xp— Xg— X; — Xp— Xg— Xa — Xo.
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for larger «). This difference results from small CCs, which
are exponentially rare in the mean-field case but appear with
Poissonian statistics in finite dimensions at any

The location of the SAT/UNSAT crossover can be com-
puted by an expansion ia. Some subgraphs are “forcing,”

= i.e., in all satisfying assignments one of the variables has a
= fixed truth value. The smallest unsatisfiable graph is found
5: by joining two contradictory forcing subgraphs. An example
. of this graph type is depicted in Fig(d). On the triangular
: ggg ‘S”a”:::'a“ lattice, these subgraphs have densjiy(a)=(a®/273%
A A 1_in_2’_sil{triangu|ar +0(a’). The density of the simplest unsatisfiable graphs on
10T o 1in2-SAT, square the square lattice ip(a)=(a®/2%)+0(ad. In general, if

the smallest unsatisfiable subgraph hasonds and density

ol el bl sl 6 or the probability of satisfiability iPgar(N)=(1-¢,a")V,
10 10 10 1]\0] 10 10 10 to lowest order ina, giving ay,(N)=(c,*"In 2)N-". We

plot numerical results and analytic expansionsdgs(N) in
FIG. 2. Plot ofay(N), the clause density at which 1/2 of the Fig. 2, which includes the analytic corrections to next order
graphs are satisfiable, as a function of lattice $izSymbols indi- in « [seven-edged subgraphs with densit§?/23")a’
cate numerical results for 2SAT and 1-in-2-SA8ing spin glass  +0O(a®) on the triangular lattice and nine-edged subgraphs
on triangulqr and square lattices. Curves are analytic approximagith density (a®/216)+0(a9) on the square lattide
tions found in a small subgraph expansion. We also plot analytic estimates and numerical results for
ay(N) for the 1-in-2-SAT problem in Fig. 2. While a clause
The optimization of the number of satisfied clauseZin jn 2SAT (i.e., K=2) is satisfied if either literal is true, a
can be mapped to the problem of determining the groundiause is satisfied in 1-in-2-SAT when exactly one literal in a
state of a spin glass in a heterogeneous field. This mappinglause is true. The 1-in-2-SAT problem maps both to an Ising
translates Boolean assignments-{F, T} to spin variables spin glass in the absence of a magnetic field and to the two-
S={-1,+1. Abond energyE, can be assigned to a clause color problem[8]. The smallest unsatisfiable graphs are frus-
(y50y}) connecting variables andx; via [3] trated cycles, givinga,(N)=3(N/In 2)3 and ay,,(N)
5 ~254(N/In 2)7%4 for the triangular and square lattices,
— Y1 _Anviie — A 0 0 respectively.
Ee= 4[1 AYo)S ~AKYS + ADAYDSS] () Given the lack of a sharp SAT/UNSAT transition, due to
. the existence o$mall unsatisfiable graphs, we have investi-
whereA(yg) =1 if yg=x andA(yg) =—1 if yg=x and similarly  gated the percolation dérge unsatisfiable graphs as a phase
for j (nearest neighbor tQ replacing 0 with 1. The total spin  transition. We study these graphs within the context of
glass energ§ is given byE=3M, E,. Any clause that is not MAXSAT, which is the problem of minimizing the number
satisfied costs an energy the existence of aiE=0 ground of unsatisfied clauses. In two dimensions, the determination
state is equivalent to satisfiability of the Boolean formula. of the ground state for the Ising spin glags MAX-1-in-2-
Resolution[5] is a method that can be used to quickly SAT) is in P[6], while determining the ground state for pla-
decide SAT forK=2. This procedure is equivalent to map- nar MAXSAT with K=2 is NP-hard. We studied the CSCs,
ping each 2-clause to a pair of logical implications andsets of literals that contain a CC and for which there is a
searching for “contradictory cycle¢CCs. For example, the  directed path from any literal to any other in the set. We find
clausex; Lx; is mapped tok; — X, andX; — X%;. Clauses with  that the probability of having a spanning CSC has a transi-
K=1 map to a single implication, e.g¢; becomes; —x;.  tion that becomes sharper with increasMgwith a critical
The Boolean formula can be represented by an implicatiovalue for & of ag=1.824545) on the triangular latticdas
directed graph(digraph G=(Y,E) with 2N vertices and =1.81286) on the square lattige The cluster size distribu-
(2a+y)N edgesE. For a sample mapping, see Figbll The  tion n(s,a) at criticality behaves asi(s,ag ~s7", with 7
formulaZ cannot be satisfied if there is a CC, which is a path=2.025). The scaling of the probability for a spanning CSC
pin G that connects a variable to its negation and vice versaear as gives a correlation length exponent pf1.323).
e, p=(X—X...—>%—...—X). The existence of a CC These values are consistent with standard percolation, where
can be decided in time linear in the size{7]. 7=187/91 andv=4/3[9].
We find that there are CCs for amy> 0 (taking y=0), as In mean-field graphs, there is a connection between the
N— co. Defining a1/5(N) as the value ot for which 1/2 of  percolation of directed half-cycle@aths fromx to X) and
the N-variable formulas are satisfiabley;»(N)—0 as N  connectivity percolatior{10]. This connection is made by
— (see Fig. 2 This crossover is coarse, in that the width trimming paths in the implication digraph of2literals and
of the crossover from low to high probability of satisfiability projecting them onto a connectivity graph bf variables.
is proportional toa,,(N) for largeN. This is to be contrasted The edge probability in the connectivity graph is related to
with random mean-field=2 formulas where, foN—o,  the 2-clause probabilit¥ via P=2p-p? The construction
there is a sharp SAT to UNSAT phase transitighe prob- directly carries over to finite dimensions. However, in mean
ability that a formula is satisfiable is 1 fer<a,=1 and 0 field, the half-cycle percolation coincides with the SAT/
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FIG. 3. Convolution of the median number of backtratks, «)
with the CSC cluster size distributian(s, a), wheres is the cluster
mass. The clause density is less than the percolation valug;
~ 1.8, for these curves.

UNSAT transition, while in finite dimensions we are inter-
ested in CSC percolation. Certainly the half-cycle percola-

tion threshold sets a lower bound on CSC percolation and iﬁa

is not surprising that CSC percolation appears to be in th
same universality class as connectivity percolatialso see
(11].

The decomposition of the graphs into CSCs speeds u
exact search algorithms for MAXSAT. We apply this decom-
position to estimate running times. We used a MAXSAT
code[12] that first finds a heuristic bound to the solution and
then applies an exact Davis-Putnam-Loveland-Logeman
(DPLL) search. Each CSC cluster is loaded into the algo-
rithm individually [13]. The running time measureis the
number of “backtracks” that are executed while partially ex-

ploring the tree of all possible assignments. The sum of th%ﬁ
unsatisfied clauses from each cluster gives the minimal num:
ber of unsatisfied clauses for the entire formula. As is to bqi

expected from percolation theory, wher< ag, the distribu-
tion of sizes of the CSCs, is exponentially decaying in the,
cluster sizen(s, a) ~ & %%, with s;= o (ag—a) ™. In ad-
dition, plotting our results for the median number of back-
tracks for each cluster, we find that the median running tim
of the DPLL-type algorithm grows exponentially with the
cluster sizef'(s, @) ~e¥54¥, Balancing these two exponen-
tials implies the existence of a transition in the behavior o
the running time orN. Whensy(a) <s,(a), the median run-
ning time for a sampleT” (L, ), is bounded by a multiple of
the system volumeT" (L, @) ~ L2 However, whers;>s, an
estimate for the largest cluster size intyaical finite sample

givesT'(L, a) ~ L%, The meanrunning time,T(L,a), di-

P2L,Lw)
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FIG. 4. Logarithm-linear plot ofP(2L,L,w) for a=1.7 andy
=0.2 for weighted MAX2SAT. The bound on backtracksBisThe
lines are exponential fits for the=2,4,B=5x% 10° data.

for the dynamics of random magnégiisd] and is reminiscent

of the change from the easy-SAT to hard-SAT phases in ran-
dom graphd1].
Despite the divergence of the running times for the ex-
ustive DPLL-type algorithms, we expect that the ground

tates can be found in time proportional to the system vol-

ume in the typical case, even above the CSC percolation
transition. Assuming that the droplet picture describes finite-

imensional spin glasses, the presence of a random magnetic

field destroys the spin glass phgd&]. So while the CSCs
percolate, the effects of frustration remain localized over
some length scale. The ground state is unique and insensitive
tb boundaries. If the convergence to a unique Stagxpo-
nential with sizea heuristic algorithm of solving subsystems
and patching together the subsolutions might be useful.

To test whether the ground state is unique, we study the
ect of boundary conditions, similar to studies of the Ising
pin glasg16]. By comparing ground states for a system of
near sizeL and an expanded system of linear size>L,

one can determine if the ground state is unique. If the solu-
tions in a common subsystem of linear sizdhecome fixed
asL and L’ diverge, a unique ground state exists in the
thermodynamic limit. Note that the ground state must be
EI‘Jnique fora< ag as the logical structure of the graph does
not percolate.

Since the 4 spin glass with magnetic fielgequivalent to

ground states,

we study

foptimal assignments for MAX2SAThas many degenerate
the weighted MAX2SAT
(WMAXSAT) question, where the degeneracy is broken, to
be able to compare ground state solutions directly. We add
1-clauses,y=0.2, to study sparser graphag(y=0.2 <«
=1.7] and thus a larger range system of system sizes. Each

verges exponentially witl.. The separation between linear clause has a weight, chosen uniformly in the intef\@all),
and superlinear median time behaviors defines the transitioaind the optimization problem is now to minimize the sum of

location ag, with ag<as, via sfag)=s,(ag). Figure 3
shows convolutions of the cluster size distributin(s, «)

change from negative to positive slope on the semilogarithexpands fromL to 2L [16],

the weights of the unsatisfied clauses.

We estimateP(2L,L,w), the probability that there is a
and the median time’(s,«) as a function of size. The change in the central region of ared when the system size

by sampling from the

mic plot gives ag~1.3 for the DPLL code we use. This WMAXSAT ensemble. To be able to complete the simula-
slowing down of the algorithmic dynamics is similar to that tions, we impose an upper limg on the number of back-
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tracks in DPLL(some samples are not solyeahd studyP
for increasingB. For bothw=2 andw=4, P is well fit by
exponentials irL with the same slope, in the limit of larde
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size L, is to be contrasted with similar approaches to the
traveling salesperson problem, where such a decomposition
method provides an excellent approximatidr], but, with

(see Fig. 4. (A power-law fit gives an exponent less than =2, high probability, fails to give an exact result. We note that

which is inconsistent with a fractal domain wall picture for a

model with two state$16].) For «=1.7 andy=0.2, we esti-

mate a correlation length of=2.5+0.3. The exponential

approach to a unique state holds for alland y that we
explored.

this method would also fail for the 2D Ising spin glass,
whereP(2L,L,w) is a power law rather than an exponential.

To conclude, we have studied the problem of optimally
satisfying Boolean formulas in finite dimensions. While there

Given this resun, we tested a heuristic WMAXSAT a|go_ is no thermOdynamiC SAT to UNSAT tranSition, there is a
rithm for samples of length’ in which subsamples of length percolation transition in the logical structure of the formulas
L are solved exactly, witf<L<L’. For each subsample, as the clause density is increased, that is apparently in the

the truth assignment within a window of length<L cen-

class of standard percolation. Below this transition, we use

tered on the subsample is recorded. This process is iteratedre region arguments to predict a transition in the mean
until the windows cover the sample. Given the exponentiatunning time of an optimization algorithm. We also find that
convergence to a unique state, we expect the mean error gfe ground state is unique even in the high clause density

this heuristic to scale no worse thér )2e "¢, We tested this

regime; the exponential insensitivity to the boundaries sug-

expectation directly by comparing the patched solution withyests that patching algorithms can provide exact solutions

the exact global solution. Fox=1.7, y=0.2, L'=16, and
w=2, the mean errong,, is well fit by an exponential i,
Nerr~ eXp(—L/&) with £€=2.2+0.1. The ability of this algo-

with high probability.
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